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On non-Newtonian balancing type numbers

Abstract. In this paper, we introduce non-Newtonian balancing type num-
bers. In non-Newtonian calculus, we examine formulas and identities for
classical balancing numbers. We give Binet-type formula for non-Newtonian
balancing numbers and the general bilinear index-reduction formula which
implies Catalan, Cassini and d’Ocagne identities. Moreover, we give the gen-
erating function for balancing numbers in terms of non-Newtonian calculus.

1. Introduction. In [8], Grossman and Katz established a new family of
calculi, called non-Newtonian calculi. Non-Newtonian calculus is an alter-
native to the usual calculus of Newton and Leibniz. Let α be a bijection
between the set of real numbers R and a subset Rα of R. By α-arithmetic,
we mean arithmetic whose operations are defined as follows:

α-addition x +̇ y = α
(
α−1(x) + α−1(y)

)
,

α-subtraction x −̇ y = α
(
α−1(x)− α−1(y)

)
,

α-multiplication x ×̇ y = α
(
α−1(x) · α−1(y)

)
,

α-division x /̇ y = x
y α = α

(
α−1(x) : α−1(y)

)
, α−1(y) ̸= 0,

α-order x <̇ y ⇔ α−1(x) < α−1(y).

If x ∈ Rα and 0̇ <̇ ẋ (or ẋ <̇ 0̇), then we say that x is a α-positive number
(or α-negative number). The number x ×̇ x is called the α-square of x,
denoted by x2̇, see [5]. If the exponent is the sum of several numbers, we
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will write x(n)
·
instead of xṅ, for example x to the power n+1 will be written

as x(n+1)· .Moreover, α(−x) = α
(
−α−1(ẋ)

)
= −̇ẋ and

√̇
x = α

(√
α−1(x)

)
.

The function α is called a generator. Each generator generates exactly one
arithmetic, and each arithmetic is generated by exactly one generator. The
identity function generates classical arithmetic and the exponential function
generates geometric arithmetic. Every property in the classical calculus has
an analog in non-Newtonian calculus. Non-Newtonian calculi are useful
mathematical tools in science, mathematics, engineering, economics etc.,
see e.g. [2, 3, 5, 6, 7, 9, 14].
A positive integer n is a balancing number if it is the solution of the
Diophantine equation 1+2+ · · ·+(n−1) = (n+1)+(n+2)+ · · ·+(n+r) for
some positive integer r, called the balancer corresponding to the balancing
number n. The sequence {Bn} of the balancing numbers was introduced by
Behera and Panda in [1]. As mentioned in [1], n is a balancing number if
and only if n2 is a triangular number, i.e. 8n2 + 1 is a perfect square.
In [12], Panda introduced the sequence of Lucas-balancing numbers, de-
noted by {Cn} and defined as follows: if Bn is a balancing number, the
number Cn for which (Cn)

2 = 8B2
n + 1 is called a Lucas-balancing number.

The cobalancing numbers were defined and introduced in [13]. The au-
thors called the positive integer number n a cobalancing number with the
cobalancer r if 1 + 2 + · · · + n = (n + 1) + (n + 2) + · · · + (n + r). Let bn
denote the nth cobalancing number. The nth Lucas-cobalancing number cn
is defined with (cn)2 = 8b2n + 8bn + 1, see [10, 11].
In this paper, we introduce and study non-Newtonian balancing type
numbers.

2. Main results. The balancing, Lucas-balancing, cobalancing and Lucas-
cobalancing numbers can also be defined using the following recurrence re-
lations

Bn = 6Bn−1 −Bn−2 for n ≥ 2, with B0 = 0, B1 = 1,

Cn = 6Cn−1 − Cn−2 for n ≥ 2, with C0 = 1, C1 = 3,

bn = 6bn−1 − bn−2 + 2 for n ≥ 2, with b0 = 0, b1 = 0,

cn = 6cn−1 − cn−2 for n ≥ 2, with c0 = −1, c1 = 1.

The above-mentioned sequences can also be written using explicit formulas,
called Binet type formulas, of the form

Bn =
γn − δn

γ − δ
,

bn =
γn−

1
2 − δn−

1
2

γ − δ
− 1

2
,

Cn =
γn + δn

2
,

cn =
γn−

1
2 + δn−

1
2

2
,

for n ≥ 0, where

γ = 3 +
√
8, δ = 3−

√
8, γ

1
2 = 1 +

√
2, δ

1
2 = 1−

√
2.
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For n ≥ 0, the nth non-Newtonian balancing number, the nth non-
Newtonian Lucas-balancing number, the nth non-Newtonian cobalancing
number and the nth non-Newtonian Lucas-cobalancing number is defined
by

NBn = Ḃn = α(Bn),

NCn = Ċn = α(Cn),

Nbn = ḃn = α(bn),

Ncn = ċn = α(cn),

respectively.
Tables 1–2 include initial terms of the balancing type numbers and non-
Newtonian balancing type numbers, respectively.

n 0 1 2 3 4 5 6 7
Bn 0 1 6 35 204 1189 6930 40391
Cn 1 3 17 99 577 3363 19601 114243
bn 0 0 2 14 84 492 2870 16730
cn −1 1 7 41 239 1393 8119 47321

Table 1. The balancing type numbers.

n 0 1 2 3 4 5 6 7
NBn α(0) α(1) α(6) α(35) α(204) α(1189) α(6930) α(40391)
NCn α(1) α(3) α(17) α(99) α(577) α(3363) α(19601) α(114243)
Nbn α(0) α(0) α(2) α(14) α(84) α(492) α(2870) α(16730)
Ncn α(−1) α(1) α(7) α(41) α(239) α(1393) α(8119) α(47321)

Table 2. The non-Newtonian balancing type numbers.

In the next part of this paper, we focus on the properties of non-Newto-
nian balancing numbers.
By the definition of non-Newtonian balancing numbers, we obtain the
following recurrence relation

NBn = 6̇ ×̇NBn−1 −̇NBn−2 for n ≥ 2

with NB0 = α(0), NB1 = α(1).
For n ≥ 2, we have

6̇ ×̇NBn−1 −̇NBn−2 = α(6) ×̇ α(Bn−1) −̇ α(Bn−2)

= α
(
α−1(α(6)) · α−1(α(Bn−1))

)
−̇ α(Bn−2)

= α (6 ·Bn−1) −̇ α(Bn−2)

= α
(
α−1(α (6 ·Bn−1))− α−1(α(Bn−2))

)
= α (6 ·Bn−1 −Bn−2) = α (Bn) = NBn.
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The next theorem gives an explicit formula for the nth non-Newtonian
balancing number.

Theorem 1. Let NBn be the nth non-Newtonian balancing number. Then,
for n ≥ 0 the Binet-type formula is given by

NBn =
γ̇ṅ −̇ δ̇ṅ

γ̇ −̇ δ̇
α,

where γ̇ = 3̇ +̇
√̇
8 and δ̇ = 3̇ −̇

√̇
8.

Proof. From the properties of non-Newtonian real numbers, we have

γ̇ṅ −̇ δ̇ṅ

γ̇ −̇ δ̇
α = α

α−1
(
γ̇ṅ −̇ δ̇ṅ

)
α−1

(
γ̇ −̇ δ̇

)


= α


α−1

 n times︷ ︸︸ ︷
γ̇ ×̇ . . . ×̇ γ̇ −̇

n times︷ ︸︸ ︷
δ̇ ×̇ . . . ×̇ δ̇


α−1

(
α
(
α−1(γ̇)− α−1(δ̇)

))


= α


α−1

α

 n times︷ ︸︸ ︷
α−1(γ̇) · . . . · α−1(γ̇)

 −̇ α

 n times︷ ︸︸ ︷
α−1(δ̇) · . . . · α−1(δ̇)




α−1 (α (γ − δ)))



= α


α−1

α

(
n times︷ ︸︸ ︷

γ · . . . · γ

)
−̇ α

 n times︷ ︸︸ ︷
δ · . . . · δ


γ − δ


= α

(
α−1

(
α (γn) −̇ α (δn)

)
γ − δ

)
= α

(
α−1

(
α
[
α−1(α (γn))− α−1(α (δn))

])
γ − δ

)

= α

(
α−1 (α [γn − δn])

γ − δ

)
= α

(
γn − δn

γ − δ

)
= α(Bn) = NBn,

which ends the proof. □
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In the following theorem, we derive a general bilinear index-reduction
formula for non-Newtonian balancing numbers.

Theorem 2. Let a ≥ 0, b ≥ 0, c ≥ 0, d ≥ 0 be integers such that a+b = c+d
and let NBn be the nth non-Newtonian balancing number. Then

NBa ×̇NBb −̇NBc ×̇NBd = α (Ba ·Bb −Bc ·Bd) .

Proof. From the properties of non-Newtonian real numbers, we have

NBa ×̇NBb −̇NBc ×̇NBd

= α(Ba) ×̇ α(Bb) −̇ α(Bc) ×̇ α(Bd)

= α
(
α−1(α(Ba)) · α−1(α(Bb))

)
−̇ α

(
α−1(α(Bc)) · α−1(α(Bd))

)
= α (Ba ·Bb) −̇ α (Bc ·Bd)

= α
(
α−1(α(Ba ·Bb))− α−1(α(Bc ·Bd))

)
= α (Ba ·Bb −Bc ·Bd) ,

which ends the proof. □

For special values of a, b, c, d, using Theorem 2, we can obtain some iden-
tities for non-Newtonian balancing numbers, among others Catalan type
identity (for a = b = n, c = n + r, d = n − r), Cassini type identity (for
a = b = n, c = n + 1, d = n − 1), d’Ocagne type identity (for a = m,
b = n+ 1, c = n, d = m+ 1). Let us recall the analogous identities for the
classical balancing numbers, given in [4]

Catalan identity B2
n −Bn+rBn−r = B2

r ,

Cassini indentity B2
n −Bn+1Bn−1 = 1,

d’Ocagne indentity BmBn+1 −BnBm+1 = Bm−n.

Corollary 3 (Catalan type identity for non-Newtonian balancing numbers).
Let n ≥ 0, r ≥ 0 be integers such that n ≥ r. Then

(NBn)
2̇ −̇NBn+r ×̇NBn−r = Ḃr ×̇ Ḃr.

Proof. By Theorem 2 and the properties of non-Newtonian real numbers,
we have

(NBn)
2̇ −̇NBn+r ×̇NBn−r = α

(
B2

n −Bn+r ·Bn−r

)
= α

(
B2

r

)
= α (Br ·Br) = α

(
α−1(Ḃr) · α−1(Ḃr)

)
= Ḃr ×̇ Ḃr,

which ends the proof. □

The proofs of the next two corollaries are the same, so we omit them.

Corollary 4 (Cassini type identity for non-Newtonian balancing numbers).
Let n ≥ 1 be an integer. Then

(NBn)
2̇ −̇NBn+1 ×̇NBn−1 = 1̇.
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Corollary 5 (d’Ocagne type identity for non-Newtonian balancing num-
bers). Let n ≥ 0, m ≥ 0 be integers such that m ≥ n. Then

NBm ×̇NBn+1 −̇NBn ×̇NBm+1 = Ḃm−n.

In the next theorem, we use the following formula (see [4])

n∑
i=0

Bi =
Bn+1 −Bn − 1

4
.

Theorem 6. Let n ≥ 0 be an integer. Then

α

n∑
i=0

NBi =
Ḃn+1 −̇ Ḃn −̇ 1̇

4̇
α.

Proof. From the properties of non-Newtonian real numbers, we have

α

n∑
i=0

NBi = NB0 +̇NB1 +̇ . . . +̇NBn

= α
(
α−1(NB0) + α−1(NB1) + . . .+ α−1(NBn)

)
= α (B0 +B1 + . . .+Bn) = α

(
Bn+1 −Bn − 1

4

)
= α

(
α−1(NBn+1)− α−1(NBn)− α−1(1̇)

α−1(4̇)

)
= α

(
α−1

(
α
[
α−1(NBn+1)− α−1(NBn)− α−1(1̇)

])
α−1(4̇)

)

= α

(
α−1

(
NBn+1 −̇NBn−̇1̇

)
α−1(4̇)

)
=

Ḃn+1 −̇ Ḃn −̇ 1̇

4̇
α,

which ends the proof. □

Now, we will give the generating function for the non-Newtonian balanc-
ing numbers.

Theorem 7. Let z ∈ Rα. Then, the generating function for the non-
Newtonian balancing numbers is given by

g(z) =
z

1̇ −̇ 6̇ ×̇ z +̇ z2̇
α.

Proof. Assume that the generating function of the non-Newtonian balanc-

ing sequence {NBn} has the form g(z) =α

∞∑
n=0

NBn ×̇ zṅ. Then, using the



On non-Newtonian balancing type numbers 111

recurrence relation for non-Newtonian balancing numbers, we have

g(z) =α

∞∑
n=0

NBn ×̇ zṅ = NB0 ×̇ z0̇ +̇NB1 ×̇ z1̇ +̇ . . . +̇NBn ×̇ zṅ +̇ . . .

= 0̇ ×̇ α
((

α−1(z)
)0)

+̇ 1̇ ×̇ α
((

α−1(z)
)1)

+̇α

∞∑
n=2

NBn ×̇ zṅ

= 0̇ ×̇ α (1) +̇ 1̇ ×̇ α
(
α−1(z)

)
+̇α

∞∑
n=2

(
6̇ ×̇NBn−1 −̇NBn−2

)
×̇ zṅ

= α
(
α−1(0̇) · α−1(α (1))

)
+̇ α

(
α−1(1̇) · α−1(z)

)
+̇α

∞∑
n=2

6̇×̇NBn−1×̇zṅ−̇α

∞∑
n=2

NBn−2×̇zṅ

= α (0 · 1) +̇α
(
1 · α−1(z)

)
+̇ 6̇ ×̇ z ×̇α

∞∑
n=2

NBn−1 ×̇ z(n−1)· −̇ z2 ×̇α

∞∑
n=2

NBn−2 ×̇ z(n−2)·

= α(0) +̇ z +̇ 6̇ ×̇ z ×̇α

∞∑
n=2

NBn−1 ×̇ z(n−1)· +̇ 6̇ ×̇ z ×̇NB0 ×̇ z0̇

−̇ 6̇ ×̇ z ×̇NB0 ×̇ z0̇ −̇ z2 ×̇α

∞∑
n=0

NBn ×̇ zṅ

= 0̇ +̇ z +̇ 6̇ ×̇ z ×̇α

∞∑
n=0

NBn ×̇ zṅ −̇ 0̇ −̇ z2 ×̇α

∞∑
n=0

NBn ×̇ zṅ

= z +̇ 6̇ ×̇ z ×̇ g(z) −̇ z2 ×̇ g(z),

since

6̇ ×̇ z ×̇NB0 ×̇ z0̇ = α
(
α−1(6̇) · α−1(z) · α−1(α(0))

)
= α

(
α−1(6̇) · α−1(z) · 0

)
= α(0) = 0̇.

Moreover,

1̇ ×̇ g(z) = α
(
α−1(1̇) · α−1(g(z))

)
= α

(
1 · α−1(g(z))

)
= g(z),

hence we have

1̇ ×̇ g(z) = z +̇ 6̇ ×̇ z ×̇ g(z) −̇ z2 ×̇ g(z)

and finally

g(z) =
z

1̇ −̇ 6̇ ×̇ z +̇ z2
α,

which ends the proof. □
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Concluding remarks. As is known, the identity function generates clas-
sical arithmetic and the exponential function generates geometric arith-
metic. If we choose the identity function I instead of α in the definition of
non-Newtonian balancing numbers, then we obtain the classical balancing
numbers and the known results of these numbers. If α is the exponential
function, then α generates the geometric arithmetic:

geometric addition x +̇ y = elnx+ln y = x · y,
geometric subtraction x −̇ y = elnx−ln y = x

y ,

geometric multiplication x ×̇ y = elnx·ln y = xln y = ylnx,

geometric division x /̇ y = elnx:ln y = x
1

ln y , y ̸= 1.

In Table 3 we can find balancing type numbers related to geometric arith-
metic.

n 0 1 2 3 4 5 6 7

eBn e0 e1 e6 e35 e204 e1189 e6930 e40391

eCn e1 e3 e17 e99 e577 e3363 e19601 e114243

ebn e0 e0 e2 e14 e84 e492 e2870 e16730

ecn e−1 e1 e7 e41 e239 e1393 e8119 e47321

Table 3. The balancing type numbers related to geometric arithmetic.

In future work, researchers can investigate the geometric version of the
properties of balancing numbers. It will be interesting to continue this
research by examining other balancing type numbers in terms of non-Newto-
nian calculus.

References

[1] Behera, A., Panda, G. K., On the square roots of triangular numbers, Fibonacci
Quart. 37(2) (1999), 98–105.
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